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These demonstrations, however, introduced fundamentally unnecessary energy splitting to the qubit to energetically select a well-defined eigenstate, or to utilize spin precession for arbitrary axis rotation. The splitting in turn prevented fast rotation, even in the non-adiabatic case, to avoid unwanted interference between the eigenstates. To overcome this problem, Sjöqvist 18, 19 proposed an optical scheme with a three-level  system to implement non-adiabatic HQC based on Anandan's scheme 4 , although the importance of degeneracy in the qubit space was not mentioned. Meanwhile, it was experimentally demonstrated that degeneracy plays a key role in the preparation 20 and readout 21 of a geometric spin in any arbitrary state defined by light polarization, both to detect quantum entanglement between a photon and geometric spin 22 , and to transfer the quantum state of a photon to a geometric spin 23 . More importantly, it was also shown that degeneracy of the spin basis states under a zero field allows the time-inversion symmetry of the system to maintain spin coherence 1 . Here, we demonstrate the holonomic quantum gate of a geometric spin with geometric rotation about an arbitrary axis by any angle defined by the light polarization, and detuning using the degenerate three-level  system in a negatively charged NV center in diamond.
An NV center in diamond (Fig.1a) offers an ideally degenerate three-level  system under a zero field, where the degenerate = ±1 states at the orbital ground state (|0⟩ |±1⟩ , hereafter denoted as |±1⟩), serve as the geometric spin bases (Fig.1b) . On the other hand, one of the orbital excited states, called | 2 ⟩ = (|+1⟩ |−1⟩ + |−1⟩ |+1⟩ ) √2 ⁄ 24 , which is known to generate 25 or measure 22 } for T to achieve the shortest pulse length of the rotation light. The fidelities could be further increased by increasing the power to decrease the pulse length up to the limit given by the splitting between the A2 and A1 states (typically around 3 GHz). Although we showed only one-qubit gates, strong dependence on detuning in the nearly resonant scheme, shown in Fig. 2 (e), in contrast to the conventional far-detuned or off-resonant ] and k is an integer less than the system size N. Although it is possible to construct gates with a combination of {X, H, S, T} gates, this is not efficient for handling large systems. On the other hand, the holonomic quantum gate directly performs the gates.
The geometric rotation on near resonance is essentially different from the conventional spin rotation based on the three-level  system with far detuning or off resonance [27] [28] [29] . Figure 4a shows simulated gate fidelity for X-gates as a function of detuning and pulse length. When the detuning is smaller than the Rabi frequency of 250MHz, one turn (or a few turns) of cyclic evolution in the spin-orbit space induce the geometric phase in the spin space. In contrast, when the detuning is much larger than the Rabi frequency, the dynamic phase instead of the geometric phase accumulates continuously to result in the spin rotation, which is known as the stimulated Raman transition [27] [28] [29] or the optical Stark effect [27] [28] [29] . Although the conventional off-resonant scheme seems better for reducing the probability of transition into the excited state and the subsequent spontaneous relaxation, it requires a longer operation time than in the present near-resonant scheme; the latter forces the excited state back to the ground state before relaxation, and thus results in higher fidelity than in the off-resonant stimulatedRaman scheme ( The geometric rotation relies only on light polarization, not on the spin precession conventionally used to compose an arbitrary axis rotation. It was performed under a completely zero field, which is desirable for the quantum coherence of the geometric spin, because it means the surrounding 13 C nuclear spins are completely frozen 1 .
Moreover, the unwanted timing problem caused by the interference from those spins is avoided. Although detuning was used in the demonstration to change the rotation angle, the same operation could be performed by discreet phase change, instead of the continuous phase change called detuning used here. The typical approach to discreet phase change is to change the phase of the rotation light at the north pole (| 2 ⟩) in the spin-orbit space. The general composite pulse scheme ideally relaxes the requirements for specific pulse lengths, and pulse length error would not depend on the rotation angle. However, this scheme lowers the fidelity somewhat, especially for small angle rotation, due to the longer total operation time. Thus we chose the continuous phase change scheme rather than the discreet phase change scheme for faster operation and higher fidelity. Combined with our previous demonstrations of optical spin state tomography 22 and optical spin state preparation 2 , our present observations established a complete set of elemental quantum operations for a solid-state spin composed of initialization, manipulation, and readout. The developed method could also be applied to the manipulation of a nano-spin to provide an optical pickup for the MRAM. It is also suitable for the ultra-sensitive quantum sensor beyond the classical limit, since it works perfectly under a zero magnetic field.
Geometric rotation was used to implement non-adiabatic holonomic quantum gates to manipulate states of geometric spin qubits, which are known to be robust against control errors and environmental noise, 1, 19 and are thus expected to be building blocks of the HQC. Our approach is applicable to any other three-level system based on defect centers, ion traps, quantum dots and superconducting circuits. The optical control is especially useful for individually addressing integrated spins, which require nano-scale local access. It thus opens a path to building holonomic quantum processors for quantum computers. The holonomic quantum gates could also be used for the basis transformation between four Bell states, and optimization or calibration of the teleportation-based quantum state transfer 23 to build the holonomic quantum repeaters used for the long-distance quantum communication network 31 .
Methods
Experimental Setup. We used a native NV center in a high-purity type-IIa chemicalvapor-deposition grown bulk diamond with a 〈001〉 crystal orientation (electronic grade from Element Six) without any dose or annealing. A negatively charged NV center located about 30 m below the surface was found using a confocal laser microscope. A 25-m copper wire mechanically attached to the surface of the diamond was used to apply a microwave. An external magnetic field was applied to carefully compensate for the geomagnetic field of about 0.045 mT using a permanent magnet with monitoring of the ODMR spectrum within 0.1 MHz. The Rabi oscillation and Ramsey interference were also used to fine-tune the field. The NV center used in the experiment showed hyperfine splittings caused by 14 N nuclear spin at 2.2 MHz, and by 13 C nuclear spins within 0.4 MHz. All experiments were performed at 5 K to reduce the optical line width of the A2 transition to as narrow as 54 MHz (Fig. 2c) . The splitting between the Ex and Ey transitions indicated the crystal strain was 2.2 GHz in absolute value.
The experimental setup was the same as in Ref. 2, except for an additional red laser for the spin rotation (Fig. 2a) . Figure 2b contains states under a low strain regime.
On the other hand, the Hamiltonian for the orbital ground state is described as
where gs is the zero-field splitting arising from the spin-spin interaction in the ground state. The optical excitation induces the orbital transition depending on the light polarization. The driving Hamiltonian is described as
where ( ) denotes a polar (azimuth) angle in the Poincare sphere, which represents a light polarization state, and H.c. indicates the Hermit conjugate. The driving
Hamiltonian for the resonant optical transition between |0⟩ |±1⟩ (hereafter indicated as|±1⟩) and | 2 ⟩ is written as follows to conserve the spin angular momentum.
where is the Rabi frequency. The Hamiltonian describes the dynamics in the degenerate three-level  system in the computational bases.
Bright-state driving. The |±1⟩ basis states can be transformed into the bright state | ⟩ and dark state | ⟩, where the bright state is coupled with the excited state to create a new eigenstate, while the dark state is kept in its eigenstate. With this transformation, the driving Hamiltonian in the degenerate three-level  system is transformed as follows:
where
The bright state represented in the Bloch sphere shows one-to-one correspondence with the light polarization | ⟩ represented in the Poincare sphere as
where |±1⟩ indicates right and left circular polarizations.
In general, the  system Hamiltonian under driving light needs to add the detuning frequency as follows:
where eff = √ 2 + 2 is the effective Rabi frequency, = (
) is a unit vector indicating the rotation vector, and
The time evolution operator is now written as
The evolution operator for a round trip 2 = 
The operation is interpreted as the rotation around the bright state | ⟩ by an angle ), the electricfield amplitude of the light polarized along the inclined NV axis is decreased by a factor of 1/√3 as the electric field is projected onto the plane normal to the NV axis, resulting in a reduction of the Rabi frequency. As a result, the polarization observed by the NV electron is different from the incident polarization due to the off-alignment. In addition, the crystal strain mixes the | 2 ⟩ state with the | 1 ⟩ and | 2 ⟩ states to rearrange the straightforward correspondence between the bright state, defined as Eq. (12), and the light polarization, defined as Eq. (14).
In this experiment, we estimated the strain parameters as = −1.2 GHz, = −1.8 GHz from the fitting to the quantum state tomography of the spin states rotated around the x-, y-and z-axes. As in Eq. (15), the ideal Hamiltonian is then created to calibrate both the off-alignment and strain effects by finding the adopted light polarization. The bright and dark states are obtained by projecting the eigenstates of the total Hamiltonian as the sum of Eqs. (1), (8) and (9) between the |±1⟩ states. The T2* was estimated to be 4.6 ns from the fitting to the Rabi oscillation shown in Fig. 2d . We neglected the relatively long energy relaxation from negligible, since the dephasing time was on the order of a few s.
Quantum process tomography. The matrices shown in Fig. 3c to represent the rotation gate operations in Fig. 3b were reconstructed via quantum process tomography 30 , which compares the final state after the gate operation with the initial state prepared in the |+⟩, |+ ⟩, |+1⟩, |−1⟩. Since the obtained raw matrices were likely to be unphysical, the most likely matrices were deduced by assuming the trace conservation and the normal matrix based on the maximum likelihood estimation method 32 . The optimization was performed by using the differential_evolution function, which enables global optimization, in the scipy.optimize package of the python program.
Data availability. The data that support the plots within this paper and other findings of this study are available from the corresponding author upon reasonable request. 
